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Abstract. We study determinantal point processes on a compact 
complex manifold X associated to an Hermitian metric on a a line 
bundle over X and a probability measure on X. When X is the com- 
plex projective line this setup contains the extensively studied (Her- 
mitian, unitary and normal) random matrix ensembles. In general, 
the ensemble may be realized as the mathematical model of a quan- 
tum fermion gas on X in an exterior magnetic field. It is shown that 
in the many particle limit when L is replaced by a large tensor power 
(corresponding to the large rank limit in random matrix theory), 
the defining random measures describing the particle locations con- 
verge exponentially towards the corresponding equilibrium measure, 
defined in terms of the Monge- Ampere operator of complex pluripo- 
tential theory. More precisely, it is shown that the corresponding 
sequence of laws admits a large deviation principle with a good rate 
functional, whose unique minimum is the equilibrium measure. The 
entropy term in the rate functional turns out to be closely related to 
a well-known functional in Kahler-Einstein geometry. 



1. Introduction 

This paper is a sequel to [8j where determinantal point processes on 
complex manifolds were studied and also conjectured to satisfy a large 
deviation principle. This conjecture will be confirmed in the present 
paper. 

The setup is as follows (see [8j for the precise notation and a more 
complete account, including motivation and examples). Let L — > X 
be a holomorphic line bundle over a compact complex manifold X of 
dimension n. Given a weighted measure (v, (p) consisting of a probability 
measure v supported on a closed subset E of X and a continuous weight 
<p on L, where is the local expression for an Hermitian metric on L, 
one obtains a probability measure 7 on the N— fold product E N , where 
N is the dimension of the space H°(X, L) of global holomorphic sections 
of L, in the following way. Fix a base S = (sj) in H°(X, L) and let 

(1.1) det(S)(xi, .x N ) := det (si(xi)) itj 

l<i,j<N 

be the corresponding element in the top exteriour power of H°(X,L), 
which may be identified with a holomorphic section of the pulled-back 

1 



line bundle L over X . Then 

(1.2) d 1 := |det S| J (x u x N )dv N /Z[(j)] 

where Z[4>] is the normalizing constant and |det S\\ denotes the squared 
point-wise norm, which may be suggestively written as 

IdetSlJOci, := \detS\ 2 (x 1 ,...,x N )e-^ + --+^\ 

Note that the probablity measure is independent of the choice of base 
S, while the normalization factor Z[(f>] does depend on S [8]. When X 
is the complex projective line this setup contains the extensively studied 
(Hermitian, unitary and normal) random matrix ensembles. In general, 
the ensemble may be realized as an ensemble of a maximal number of 
non-interacting fermions (spinors) on X subject to an exterior magnetic 
field (see [8] for a review of this fact and references). 

We will be concerned with the large k asymptotics of the ensemble 
(X Nk , jk4>) ) when L is replaced by its kth tensor power, written as kL 
in additive notation, equipped with the induced weight k<f> (the explicit 
dependence of 7^ and related objects on the integration measure v will 
be surpressed, to simplify the notation). We will always assume that L 
is big, i.e. that 

N k := dim#°(X, kL) = Vk n + o(k n ), V > 0, 

where the constant V is, by definition, the volume of L. 

Using terminology from statistical mechanics, the ensemble {E Nk ) ^ k( j > ) 
may also be realized as a Boltzmann-Gibbs ensemble of configurations of 
N k particles. Indeed, fix a reference weighted measure (v , O ) on X and 
take the base S to be orthonormal w.r.t the corresponding Hermitian 
product on H°(X,kL). Define the energy function or Hamiltonian H k( p 
on the configuration space X Nk by 

H k 4( Xl ,... } x N ) := -k~ ( - n+1 Uog(\detS( Xl ,. XN )\ 2 +k- n <j ) ( Xl )+....+ ( j ) ( XN ), 
Then 

is the Boltzmann-Gibbs measure on E Nk induced by the Hamiltonian H k cj> 
at temperature T = l/k n+1 . Now Z[k(f>] is identified with the correspond- 
ing partition function and the large k limit as a joint many particles and 
low-temperature limit. The corresponding k th free energy is, as usual, 
defined as JF[/c0]= — log Z[k(p] and under suitable assumptions one of the 
main result in [9] may be formulated as saying that the (limiting) free 
energy [<fi] exists 

(1.3) k-( n+l ^[k<t>] - ^[0] 

where the functional [(/)] is generalization of a well-known energy func- 
tional in Kahler-Einstein geometry. The random point process on E is 
determined by the following random variable (some times called the em- 
pirical measure) on E N with values in the space V[E) of all probability 
measures supported on E : 



(1.4) 



3n ■ E 



<N 



V(E) (xi, ...,x N ) i-> 




It was shown very recently in [13, [8] that, if the measure v has the 
Bernstein-Markov property w.r.t the weighted set (E, <fi) in X, then this 
random variable converges in probability, when k tends to infinity, to the 
constant random variable ^^e)] the equilibrium measure of the weighted 
set (see section [2]) in terms of complex pluripotential theory. 

In this note a much stronger convergence will be obtained, which shows 
that the random measures converge exponentially towards the equilib- 
rium measure (jl^e), for large k, with a specific rate. More precisely, the 
next theorem formulated in terms of the laws (jN k )*Jk<j> on V{E) of the 
sequence of random measures II .41 holds: 

Theorem 1.1. Let L be a big line bundle equipped with a continuous 
weight 0. Assume that the measure v has the strong Bernstein-Markov 
property w.r.t the non-pluripolar set E in X. Then the sequence (jN)k*1k^> 
of probability measures on V(E) satisfies a large deviation principle with 
a good rate functional I(e,4>) and speed k n+1 . Moreover, the rate functional 
I(E,(f>) has a unique minimizer on V(E); the equilibrium measure H(e,4>)- 

It should be pointed out that the theorem applies to any "reasonable" 
measure v on X. For example, v may be taken to be Ie^u where E is a 
domain in X with, say smooth, boundary or a totally real submanifold 
in X [TT]. The precise definition of the notation in the theorem above 
will be given below. For now let us just point out that the conclusion of 
the theorem essentially means that 



when k tends to infinity, where T is a given Borel set in V{E). Note 
that we have removed the normalizing constant Z[kcj)] so that the rate 
functional I(e,4>) appearing in the theorem differs from by an additive 
constant (compare formula [Oil . The asymptotics 11.51 can be though of 
as a smeared out version of the statement that, if jk(x%, ...,x^ k ) — > \i 
then 



the point being that the latter statement is in general not true; for ex- 
ample if two of the points x« coincide, then the left hand side is infinite. 

The functional J^\p\ may be expressed in terms of the entropy S\\i\ of 
the meaure fi, where S is defined as the Legendre transform of the free 
energy .Foo[0] in formula fl~3l 



(1.5) 




H k <t>(xi, x Nk ) — > J<j,\pi], 



(1.6) 




which, in view of formula 11.51 can be thought of as the "total energy" 
of the measure \i (which only depends on the reference weight 0o up to 
an additive constant). In fact, when X is the projective line and /i is 
compactly supported in the affince piece C the functional J^f/i] coincides 
precisely with the weighted logarithmic energy of jj, which is the subject 
of the book [32] (for a certain choice of reference weight O ; compare 
section |2~T1) . 

Somewhat more concretely J<^[//] may in general be expressed as an 
integral over X of an explicit expression involving the second derivatives 
of a "potential" ip^ of the measure \i. In the case when L is ample and \i is 
a smooth volume form the potential ip^ may be defined (up to an additive 
constant), thanks to Yau's celebrated theorem, as a smooth solution of 
the Monge-Ampere equation on X : 



where ddfip^ is the normalized curvature form of the metric e~^ M on L, 
representing the first Chern class of L in real cohomology. Moreover, 
when X is the complex projective space, which is a compactification of 
C n , and L is hyperplane line bundle Oil), the theorem also applies (with 
essentially the same proof) to a variant of the setting above, where the 
weight function on C n , representing the weight on 0(1), has super 
logarithmic growth at infinity [8]. 

As a standard consequence of the previous theorem we obtain the 
following corollary about linear statistics: 

Corollary 1.2. Let u be a continuous function on X. Under the as- 
sumptions of the previous theorem the probability of the follwing subset 



The corollary is an immediate consequence of the previous theorem 
applied to a closed set T obtained as the complement of a small neigh- 
bourhood in V(E) of the equilibrium measure H{E,<t>)- 

Before turning to the precise statement and proof of the previous theo- 
rem it may be illuminating to compare the general case with the simplest 
case when n = 1 and X is the complex projective line P 1 , i.e. the one- 
point compactification of the complex plane. In this case H^xi, ...,xp? k ) 
is the "discrete" weighted logarithmic energy of a configuration of N k 
identical charges at (x\, ...,XN k ) of total unit-charge and J<j,\jj] is the "con- 
tinuous" logarithmic energy of the measure /i, where both energies are 
expressed in terms of the Green function ln(|z — w\) of the Laplace oper- 
ator. In this situation the theorem was obtained in [H[26]. The general 
case in P 1 is contained in the analysis in [40] . 

However, it turns out that in higher dimensions the role of the Laplace 
operator is played by the fully non-linear Monge-Ampere operator, where 



(dd^r/nl 



of E Nk : 




the notion of Green function (i.e. a fundamental solution) does not even 
make sense. Instead, the proof of the theorem is obtained by combining 
the recent result in [10J on the equidistribution of asymptotic minimizers 
of Hk^xi, ...,XN k ) with very recent results [25l C[6], [12] about the Monge- 
Ampere operator acting on a higher dimensional generalization of the 
classical Dirichlet space. It will appear that, in contrast to the lower 
bound, the upper bound corresponding to 11.71 which is enough to de- 
duce the corollary above, does not use the existence of solutions to the 
inhomogenous Monge-Ampere equation, which is the deepest part of the 
theory. 
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by Tom Bloom [14] and I would also like to thank him for some related 
discussions. 

1.1. Notatioi{3- Let L be a holomorphic line bundle over a compact 
complex manifold X. We will represent an Hermitian metric on L by 
its weight 0. In practice, may be defined as certain collection of local 
functions. Namely, let s u be a local holomorphic trivializing section 
of L over an open set U (i.e. s u (x) ^ for x in U). Then locally, 
|s f/ (2;)|^ =: e~^ U( ~ z \ If a is a holomorphic section with values in L, then 

over U it may be locally written as a = f u ■ s u , where f u is a local 
holomorphic function. In order to simplify the notation we will usually 
omit the dependence on the set U and s u and simply say that / is a local 
holomorphic function representing the section a. 

The point-wise norm of a may then be locally expressed as 

(1-8) K = \f\ 2 e-^ 

but it should be emphasized that it defines a global function on X. 

The canonical curvature two-form of L is the global form on X, locally 
expressed as ddcfi and the normalized curvature form idd(p/2n = dd c <p 
(where d c := i(—d + d)/Aix) represents the first Chern class C\(L) of 
L in the second real de Rham cohomology group of X. The curvature 
form of a smooth weight is said to be positive at the point x if the 
local Hermitian matrix ( gf.^- ) is positive definite at the point x (i.e. 
dd c (p x > 0). This means that the curvature is positive when <f>(z) is strictly 
plurisubharmonic (spsh) i.e. strictly subharmonic along local complex 
lines. 

More generally, a weight if) on L is called (possibly) singular if |?/>| is 
locally integrable. Then the curvature is well-defined as a (1, 1)— current 
on X. The curvature current of a singular metric is called positive if ^ 



general references for this section are the books |23l [T9] . 



may be locally represented by a plurisubharmonic function and ip will 
then simply be called a psh weight. 

Further fixing a probability measure v on X gives a pair (V, 0) that 
will be called a weighted measure. It induces an inner product on the 
space H°(X, L) of holomorphic global sections of L by declaring 



(1.9) 




which will be assumed to be non-degenerate. 

The Hermitian line bundle (L, 0) over X induces, in a functorial way, 
Hermitian line bundles over all products of X (and its conjugate X) and 
we will usually keep the notation for the corresponding weights. 

When studying asymptotics we will replace L by its k th tensor power, 
written as kL in additive notation. The induced weight on kL may then 
be written as k(p. A subindex k will indicate that the object is defined 
w.r.t the weight, kcj) on kL for a fixed weight on L. 

2. The Monge-Ampere operator, entropy and rate 

function als 

In this section we will setup the complex pluripotential theory that 
is needed to define and study the rate functional for the large deviation 
principle. We will assume that L — > X be a big holomorphic line bundle 
over a compact complex manifold X and denote the volume of L by the 
positive number V. It should be pointed out that in the case when L is 
ample the facts about the Monge-Ampere equation needed can be found 
in [25]. 

Given a closed set non-pluripolar set E and a (possibly singular) weight 
on L define the psh weight 

(P(j))(x) := (sup{^(x) : -0psh, ip < onE})* 

where the star denotes upper semi-continuous regularization. If is 
continuous, then Pg0 has minimal singularities, in the sense that for 
any psh weight -0 on L there is a constant such that Pe<P > "0 + CV 
The following approximation lemma will be used repeatedly: 

Lemma 2.1. Let ip be a psh weight on L and take a sequence ipj of 
continuous weight decreasing to ip. Then Pe^j decreases to ipj. Hence 
the following convergence of Monge-Ampere measures holds: 

MA(P E ipj) -> MA(ip) 

weakly, if tp G S 1 (X,L) (definitions appear below). 

Proof. The first part is a simple consequence of the definition of Pe and 
the second part then follows from Proposition I2.3I (ii) below, combined 
with the fact that by the domination principle [9l [16] Pe^> = ip if i> € 
E X {X, L) and MA{ip) is supported on E. □ 



Let f2 be a Zariski open set in X where all weights with minimal 
singularities are locally bounded. By the work of Bedford- Taylor the 
products {dd c ipy A (dd c ip') n ~i are well-defined measures on Q which put 
no mass on pluri-polar sets. Hence, the following bifunctional on the 
space of psh weights with minimal singularities is well-defined: 

1 n f 

(2.1) £[V>,V1 :=r— tttE / (V>-V>')(<WA 

\ n + L )- j=0 Jn 

In the smooth case this bifunctional first appeared in the work of Aubin 
and Mabuchi in Kahler-Einstein geometry. Given a fixed reference weighted 
set (E ,(j) ) we will also write £[ip] := £ [tp, Pe o 0o]- This functional has 
the following properties proved in [9|: 

Proposition 2.2. The following holds 

(i) The differential of the functional £[ip] at the point ip is represented 
by the measure MA(ijj), i.e. given i/jq and ipi in the convex set of all psh 
weights on L with minimal singularities 

(2.2) -| (£[i> + - M) = I (V>i - ^o)MA(^o) 
dtt=o Jx 

(ii) £[ip] is increasing 
(Hi) £[ip] is concave 

Note that (ii) is a direct consequence of (i), since the differential of £ 
is represented by a positive measure. Following [HI H2] we extend £ to 
the space of all psh weights on L, by defining 

£[ip] := inf £[ip'] G [-oo,oo[ 

where tp' ranges over all psh weights if)' with minimal singularities and 
such that if)' >if) and define the following class of psh weights: 

£\X,L) := {tfj : £[ip] > -oo} 

and denote by £i(X, L) the class of all probability measures \x on X such 
that all elements in £ l (X, L) are locally integrable w.r.t. /i. Note that 
since £ is concave these two classes are convex. Moreover, proposition [221 
is still valid on £ l (X, L) [12] (for (i) and (ii) this is automatic and (Hi) 
follows from a simple density argument once the general (non-pluripolar) 
Monge- Ampere has been defined; given an arbitrary psh weight ip 

MA(ip) := (dd c ij) n /n! 

where the brackets denote non-pluripolar products of positive currents 
[T6] . In this paper it will be enough to know that the following properties 
hold: 



Proposition 2.3. (i) if ip has minimal singularities, then MA(ip) = 
l n MA(tfj) := l n (dd c *fj) n /n\. 



(ii) If if) G ^ 1 (X, L) and if (if>i) is a sequence of psh weights on L 
with minimal singularities, such that (if>i) decreases to if, then MA(if>i) 
converges weakly to MA(if)). 

(in) We have that if) G £ 1 (X,L) iff f x (if) — if)) (dd c ip) n jn\ < oo, where 
■00 is any given psh weight with minimal singularities. 

Proof. A all proofs may be found in [16]: we only briefly give the main 
points: (i) follows directly from the definition, (ii) is a special case of a 
more general convergence result in [16] which holds for any if) with "full 
Monge-Ampere measure", i.e. j x (dd c ip) n jn\ = Vol(L). The proof of (Hi) 
in [16] is a consequence of the following inequalities: 

S[M] < [ 0'o-^)(dd c iP) n /n\<(n + l)£[ip ,iP}, 
Jx 

when (ipQ — if)) > 0, which are straight-forward to prove by partial inte- 
gration (in the non-smooth case partial integration is still valid [IE]). □ 

The following theorem was first proved in [25] in the case when L 
is ample (see also the very recently paper [16] for L big). The proofs 
proceed by careful approximations to reduce the problem to the case 
when L is ample and n is a smooth volume form. This latter special case 
was obtained by Yau in the seminal work [38J. 

Theorem 2.4. Let n be a probability measure on X and assume that 
H G £i(X, L). Then there exists if) G S 1 (X,L) such that 

MA(^) = ii 

Moreover, any such ip^ will be called a potential for ji. 

Any two potentials as above just differ by an additive constant, but 
we will not use this fact. As observed very recently [12] a direct proof of 
theorem, which does not use Yau's result, can also be given. The proof 
uses the following functional S which will play a major role in the present 
paper. 

Proposition 2.5. Let fi be a probability measure on X and define its 
entropy S[p] (relative the weighted set (E Q ,(f> )) by 

s[/4 := m(v[ (v-Mu-£M) 

^€e 1 (x,L) j x 

Then 

(i) S[pi] > — oo iff ii G £i(X, L). Moreover, if fi G 8i(X, L), then the 
infimum defining S[p] is attained at any potential ip^ of /i (furnished by 
Theorem \2.4\ ), i-e. 

S\pL] :=V f (W-Mu-£[VV] 
Jx 

(ii) If L is ample the infimum may be taken over the subset of all 
continuous psh weights if). In general, if /i is supported on a closed set E 



in X, then 



(2.3) S[fi] := infV [ ($ - o )/i - S[P E ^] 

^ Jx 

where ip ranges over all continuous (but possible not psh) weights ip on 
L. 

(iv) The functional S is use on V(E) if E is closed. 

Proof. [The proof is also given in [12]]. To simplify the notation we 
assume that V = 1. To prove the right implication in (i) (which is really 
a special case of a general fact about the Legendre transform), assume 
that S[/j] > — oo and fix ip G £ X (X,L). Then clearly 

(V-0o) 



A' 



which is finite by assumption. Hence, /i G £i(X,L). Conversely, if , 
/i G £i(X,L), take ip ^ G £ l (X,L) such that MA(ip^) = fi. Let ip be an 
arbitrary element in £ 1 {X,L) and let ip t := ip^ + t(ip — ip^) G ^(X, L) 
for any t G [0, 1]. Let /(t) = £[ipt]- By Proposition 12.21 f is concave and 
hence 

/(i) < /(o) + Ao) 

which by formula 12.21 means that 

Ja 

which proves that ^ i s a rninimizer. 

To prove (ii) for a big line bundle L first note that for any ip continuous 

<%]< / (P&I>-<I>o)h-£[PkiI>] < [ U>-<l>o)ti-£[PEri>] 
Jx Jx 

Finally, the equality 12.31 follows from the approximation lemma 12.11 and 
the continuity under monotonic limits of the operators involved [9l IT6|. 

The item (Hi) is a formal consequence of the fact that S can be written 
as a point- wise inf of continuous functionals, but for completeness we give 
the proof. Assume for simplicity that L is ample (the general case is very 
similar). Take a sequence fij converging weakly to \i. We are done if we 
can prove that 

(2.4) lim sup £[//,-] < S[fi\. 

j 

To this end fix a continuous weight ip for L. Then 



S\fij] < / (ip - <po)fij - E[i>, <p ] ->• / (ip - <po)n - £[ip, <po] 
Jx Jx 

when j tends to infinity. Taking the infimum over all such ip hence proves 
E3 □ 



Given a continuous weight on L we will write 



(2.5) 



I(e,M ■= {V [ (0 - <MfM - Sfc]) - £[P E <j>) 



J X 



According to Proposition 12.51 this means that either I(e,4>)\}A '■= 00 or 



where ip^ is a potential for /i. It is this functional which will appear as 
the rate functional for the large deviation principle. 

Proposition 2.6. Let E be a non-pluripolar closed set in X. The func- 
tional I(e,4>) '■ 'P(E) — > [0, oo] is a good rate functional, i.e. it is lower 
semi- continuous and proper. It has a unique minimizer fi<E,<j>), called the 
equilibrium measure of(E,<j)), where 



Proof. First observe that, since is continuous, the functional I( E ,<t>) is 
lsc iff S is use, which holds by Proposition 12.51 To prove that I(e,4>) is 
proper we must prove that the sublevel sets {I(E,<t>) < M} are compact 
for any M. Since I(e,4>) is lsc these sets are closed in V(E). But by weak 
compactness of V{E) any closed set is compact. The remaining part of 
the proposition follows essentially from results in [9]. For completeness we 
briefly recall the arguments here. First observe that since by Proposition 
12.51 S[ip] is concave w.r.t ipand its differential is represented by MA{ip) 
we have I(E,4>)[lA > 0. Finally, we have to prove that 



is attained at ij) — P E <t> and equals S[Pe4>]- For ip ranging over psh weights 
on L with minimal singularities this was proven in [9] and a simple density 



Remark 2.7. Note that according to {ii) in Proposition 12.51 the functional 
S\p] may be defined as the Legendre transform of the concave functional 
■^oo[0] = £[Pe4>]) defined on the space of all continuous weights, using 
the pairing 



Since, •7 r O o[0] is the free energy, in the sense that it is the limit of the 
scaled k th free energies of the corresponding Boltzmann-Gibbs ensemble 
(formula 11.31) this means that S\p] really is the entropy in the sense of 
thermodynamics. 




fi (E ,4>) = MA{Pe4>). 




argument proves the general case. 



□ 




2.1. The entropy S in terms of quasi psh functions and Green 
functions. In this section we assume for simplicity that V = 1. By way 
of comparison with pH [40] it may also be illuminating to express the 
entropy functional in terms of quasi psh functions, whose notation we 
quickly recall. Fix a weight 0o on X and write Uq := dd c <pQ. Then any 
psh weight ip on L may be identified with a function u 

u:=ip- 0o, 

such that uj u := dd c u + u > 0. The space of all such (use) u is usually 
denoted by Psh(X, u> ) and its elements are called u — psh functions on 
X. 

Now the entropy S\p] of a measure \i may, in case it is finite, be 
expressed as 



(2.6) S\p\ := -_1_££;(„ - j) JduA d c u A w£ A cu^' 1 + C, 

for u = Up, i.e. for any potential u of ^; 

«»/n! = pi 

and where = S[PE (po,(f>o] is a constant (which vanishes if O is P s h 
and Eq = X). The proof of formula 12.61 follows from straight-forward 
computations in the case when u is smooth (compare page 59 in [37]) and 
uses the partial integration formula in [16] in the general case (in order 
to replace —udd c u with du A d c u).ln particular, when X is a Riemann 
surface, i.e. n = 1, the formula reads 

S[fj] — = — - J du A d c u = — J udd c u 

which may also be expressed as 

S\p] -CV = i J J g(x,y)dfi(x)dfi(y) 

in terms of a Green function of the Laplace operator [40]. Indeed, the 
potential u^, normalized so that J x u^ujq = 0, may be realized as 

«u := / 9o(x,y)dfi(y) 



where the Green function go(x,y) is uniquely determined by requiring 
that g {x,y) = g Q (y,x) and 

d x d c x g + uj = 5 X , J g (x, y)uj (y) = 

where 5 X is the Dirac measure supported on the point x. 

In particular, when X is the complex projective line the Green func- 
tions may be expressed in the following way in the affine piece C : 

g (z,w) = \n(\z - w\ 2 ) - <j> (z) - <f> (w) + C^ , 



where C'^ Q i s a constant depending on O - Hence the "total energy" in 

formula 11.61 may be written as 

(2.7) 

— «S[//]+ / (<p-4> )dfi = -- / / \n(\z - w\ 2 )dfj,(z)dfj,(w)+ / (fidfi+C'l, 



if the support of /i is compact, since the integrals involving O can- 
cel. Finally, note that the constant C'^ Q vanishes if the reference weight 

4>o(z) is taken to be ln + (|z| 2 ). Indeed, applying the identity [2771 to fi = 
dd c ln + (|2;| 2 ) and the weight <p(z) = (on the support of fi) gives, since all 
terms except C^ + ... 2 , vanish, that C^+oi 2 ) ^ as *° vains h as well. Hence, 
the expression 12 . 71 then coincides precisely with the "weighted logarithmic 
energy" of /i in [32]. 

2.2. Bernstein-Markov measures. Finally, we will following [9] say 

that a measure v has the Bernstein-Markov property w.r.t the weighted 
set (E, (j)) if, given any positive number e, there exist C e such that 

(2-8) sup |s fc |;\ (x) < C e e ke / \s k \ 2 k , v 

for any element s k of H°(X,kL). Moreover, we will say that v has the 
strong Bernstein-Markov property w.r.t the set E if 12.81 holds for any 
continuous weight on L. 

3. Large deviations 

Let us first recall the general definition of a large deviation principle. 

Definition 3.1. Let V be a Polish space, i.e. a complete separable metric 
space. 

{%) A function / : V — > [0, oo] is a rate junction iff it is lower semi- 
continuous. It is a good rate function if it is also proper. 

(ii) A sequence T k of probability measures on V satisfies a large devi- 
ation principle with speed a k and rate function I iff 

limsup — \ogTk{T) < — inf !(//) 
for any closed subset T of V and 

liminf — logTfc(^) > — inf /(//) 

for any open subset Q of V . 

Let now V = V(E) be the space of all probability measures on X which 
is a Polish space, where the topology corresponds to the weak convergence 
of measures. 

Given a set T in V(E) we will write 

E N QT:= { ]N )-\T) 
where denotes the natural inclusion II .41 of E N into V{E). 



Given a weighted measure (u, if)) recall that jkf denotes the corre- 
sponding probability measure on E Nk defined by formula [PI We also fix 
a reference weighted measure (i>o, <fio) and a base Sk in H°(X, kL) which 
is orthonormal w.r..t the corresponding inner product on H°(X, kL). The 
proof of (i) and (ii) in the following theorem was given in [9] and (Hi) 
was shown in [8]. In the following we will use the same notation 7^ for 
the density on E Nk of 7^ w.r.t. the measure u N ; the precise meaning 
will hopefully be clear from the context. 



(i) Let (x fc ) be a sequence of configurations in E, i.e. x^ G E Nk such 



Theorem 3.2. Let E be a non-pluripolar, ip a continuous weight on 
L and v a probability measure on X which has the Bernstein-Markov 
property w.r.t. (E,i[)). Then the following holds 

<*) 
that 

\immik~( n+1 Ho glklP (x k )>0 

k^oo 

Then Hk '■= 3N k (^ k ) converges weakly to the equilibrium measure MA(P E ip). 

(ii) Given a reference weighted Bernstein-Markov measure (uq, 4>q) the 
following convergence holds: 

(3-1) k-( n+1 hog\\detSk\\ 2 Lao{H , E » k ) - S{PbhI>) 

and if the measure v has the Bernstein-Markov measure w.r.t. (E,(j)), 
then 

(3.2) k~^ log ||det Sk\\% (k ^ E N k) - S(Pe^) 

(Hi) Letu(x) be a continuous function on X and denote the correspond- 
ing linear statistic on E Nk by w(xfc) = ^^(ij). Then its expectation 
value is given by 

2 

k~ n [ ik^u =:= k~ n ( [ lde ^ k ^ udv Nk ) / uMA(P E ^) 

J E N k J E N k Z[klp\ J x 

We will also need a localized version of the third item of the previous 
theorem. To this end, define the following set: 

(3.3) A kip := {x fe G E Nk : k~^ log 7 ^(x fe ) > -1/k} 
Lemma 3.3. Let u be a continuous function on X. Then 

liminf £T (n+1) log( / |det S k \L (x)e hu(x) dv Nk ) > -£{P E ip)+ [ uMA(P t 

k ^°° JA kil V Jx 

Proof. By Jensen's inequality applied to the convex function e* 

det SV 2 



i>) 



[ |det S k \l, (x)e fc «W^) > ZM'exp ( [ ' 1 kudu Nk ) 

JA ki , JA k £>\K1p\ 



where 



Z{k4>]>:=([ \det S k \ 2 klp dv Nk ) 



Hence, the sequence in the r.h.s in the statement of the lemma is bounded 
from below by 

f I dctj S I ^ 

k -(n+D \ ogZ [k^} + k~ n { / 1 —^ v di/ f *)(Z[ty)/Z[tei>)') 

+AT (n+1) log Z[k^}'/Z[kip}) 
But by the "exponential" decay of 7^ on the complement of A k ^ : 
(3.4) Z[kip]'/Z[kip] -> 1 

Indeed, 

and on E Nk — A kl p we have, by definition, jk^i^k) < e~ fe ™ proving the 
convergence I3.4L Finally, using (ii) and (Hi) in Theorem 13.21 combined 
with the exponentiell decay of 7^ on the complement of A k ^ finishes the 
proof of the lemma. □ 

3.1. Proof of Theorem II. 1L To simplify the notation we assume that 
V = 1. First we will prove the upper bound of the theorem (without the 
normalization factor). It does not use the Bernstein-Markov property of 
the measure v : 

Proposition 3.4. Assume that is is a probability measure supported on 
the closed set E in X and let J 7 be a closed set in V(E). Then 

\imsupk- (n+1 hog(\\detS k \\ 2 L2[k , xNh ^ < - inf ( / (0 - o )/x - S[p]) 

Proof. Since v is a probability measure 
(3 - 5) 

(kN k ) Mogdldet^H^^^n^ < (kN k ) 1 log(||det 5 fc ||J,oo (fc ^ hrxF) • 

Let (xi, XN k ) G E Nk fl T be a configuration realizing the sup in the 
r.h.s. above and fix a continuous psh weight ip on L. Then the r.h.s above 
may be written as (kN^' 1 log(|det S k \ klj) (xi, x Nk )) = 

N k 

(3.6) = (kN,)- 1 logfldet S k \ 2 h ^ x Nk )) + — ^ S x ^ - 0) < 

iVfe i=x 

1 N " 

< (kN k ) 1 log(\\detS k \\\ 00{k ^ E N k) + — ^8 Xi (^ - 

^ t=i 

After passing to a subsequence we may assume, by weak compactness, 
that 

1 Nk 



weakly, since T is closed. In particular, since if) — <fi is a continuous 

function on X it follows that 

(3.7) 

i Nk r 

(A:iV fe )- 1 log(||det i 5 fc ||^ (fe ^ ) +— J2$xM-<t>) - S[Pe^]+ / (V>-</>V, 

k i=1 J X 

using 13 . 1L Since this holds for any such if) combining 13.61 and 13.71 gives, 
also using l2~3l in Proposition 12.51 

(3.8) limsup(fciV fc ) _1 log(|det5'fc|^(a;i,...,a;ArJ) < S[/i] - / (<f> - <f> )fi 

k— >oo J X 

for the chosen subsequence of configurations. Hence, by 13.51 
limsup(/cA^ fc )- 1 log(||det5 fc ||^ 2(fc0 ^iv fen ^ ) < sup(<S[//] - / ((f) - <f> )fi) 

k^oo ii^T J X 

which finishes the proof of the theorem. □ 

Finally, we will prove the lower bound in the theorem: 

Proposition 3.5. Suppose that the measure v has the strong Bernstein- 
Markov property w.r.t. the set E in X. Then for any open set Q in V(E) 

liminf fc- (n+1) log||det5 fc |fc (fc0iI/iBJVfcnC) > - inf ( f (0 - o ),u - <%]) 

Proof. For a given /iG^we have to prove 

(3.9) liminfA:-(" +1 )log||det^||^ w> ^ ng) > < S[//]-y / (0 - 0oV 

We may assume that — I$\p\ > — oo (otherwise the statement is trivially 
true). But then Theorem 12.41 gives that there exists e ^(X,]^) such 
that MA{if)^) = ji. Take a sequence if>j of continuous weights on L as in 
lemma [2~T1 so that 

Hi := MA(P E if) 3 ) -> MA(ipfj) = /i 
in V(E). In particular, since Q is assumed open in V(E), 

(3.10) Hj c g 

for j » 1. Next, fix a large index j and consider the set A^., defined 
as in formula 13 .31 Then for k >> 1 

(3.H) A H . C (jivj- 1 ^ 

Indeed, assume for a contradiction that the previous statement is false. 
Then there is a sequence (x fe .) of configurations x fc . e £J JV * — (iiv fc ) _1 (^) 
such that 

liminf fcr (n+1) log(7 fc ^.(x fe J > 
But then Theorem 13.21 gives that 

/x Xfei -> MA(PEipj) := ^ 
in V(E), forcing fij G P(-E) — {?, which contradicts 13.101 



Now by ETD 

liminf k-^ +1 Hog\\detS k \\l 2{k ^ ENkng) > liminf AT*"* 1 ) log ||det S k \\ 2 L2[k ^ ENknA > > 

> -S(Pe^) + J - <p)MA(P E ^) 

using lemma [331 applied to u = ipj — (ft in the last step. Letting j tend to 
infinity and using the continuity under monotonic limits of the operators 
involved [9l HB] hence gives 

li ™ i " f fc_(n+1)l °g W det S k\\ 2 LHk4,,u,E N kng) > J (^-0o)/i-^(^ M )+ J {<fo-<l>)» 

But since ip^ is in L) it is a candidate for the infimum defining 

<S[/i]. Hence, the inequality 13.91 holds. □ 

Finally, note that to obtain the rate functional I{e,4>) for the sequence 
of probability measures one has to normalize by dividing by the partition 
function Z[k(j)] which, by formula f372l gives the rate functional 



[ (0-0o)/^-s[//]) -£(Pe<; 
Jx 



which coincides with the definition in formula l275l of I (e ,<(>)• This completes 
the proof of the theorem. 
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